We introduce the general parameter QPB that provides an experimentally accessible nonclassicality measure for light. The parameter is quantified by the click statistics obtained from on-off detectors in a general multiplexing detection setup. Sub-Poisson-binomial statistics, observed by QPB < 0, indicates that a given state of light is nonclassical. Our new parameter replaces the binomial parameter QB for more general cases, where any unbalance among the multiplexed modes is allowed, thus enabling the use of arbitrary multiplexing schemes. The significance of the parameter QPB is theoretically examined in a measurement setup that only consists of a ring resonator and a single on-off detector. The proposed setup exploits minimal experimental resources and is geared towards a fully integrated quantum nanophotonic circuit. The results show that nonclassical features remain noticeable even in the presence of significant losses, rendering the new nonclassicality test more practical and flexible to be used in various nanophotonic platforms.
I. INTRODUCTION
Experimentally measurable tests for the nonclassicality of light are important not just for fundamental studies but also for many quantum information applications [1] [2] [3] . Various schemes have been proposed to identify light fields that require a quantum mechanical description [4] [5] [6] [7] . One prominent nonclassical feature of single-mode electromagnetic field is the sub-Poissonian photon number statistics, which can be distinguished by measuring the Mandel parameter Q M [8] , defined as
Here, n and (∆n) 2 represent the classical mean value and variance of the photon number statistics. It has been shown that states showing a sub-Poisson statistics, identified by Q M < 0, are nonclassical. This provides a simple nonclassicality test. However, measuring Q M crucially relies on the availability of accurate photon-number-resolving detectors. Recently, such detectors became available [9] [10] [11] [12] but more accessible and versatile schemes are still required in many cases where complex quantum devices are considered.
To circumvent the necessity of having detectors available with photon-number-resolving capability, a multiplexing strategy based on the principle of divide-and-conquer has been suggested to measure the nonclassical photon-number statistics using on-off detectors [13] [14] [15] [16] [17] [18] [19] [20] . There, an initial state is split uniformly into multiple modes and the presence of photons in each mode is measured by an on-off detector. Such detector delivers only binary information, i.e. a "click" or "no-click" [21, 22] . In such multiplexing systems, the click statistics however differs from the true photon-number statistics [23] . The Mandel Q M parameter ceases to be applicable, requiring a new parameter to properly manifest the nonclassical statistics. In this regard, Sperling et 
where c and (∆c) 2 denote the classical mean value and variance of the click statistics, and N is the number of multiplexed modes. They showed that states exhibiting a subbinomial click statistics, identified by Q B < 0, are nonclassical. Therefore, measuring Q B can be used to test the nonlcassicality. Despite successful experimental demonstration of the sub-binomial click statistics [25, 26] and practical use of the click-statistics for other tasks [27] [28] [29] [30] [31] , the parameter, however, only applies when the click-counting probabilities over N modes are all equal. To assure this requirement is nontrivial in general. Experimental imperfections, not the statistical fluctuations that keep the average values same, may destroy the required balance, so "Q B < 0" is no longer a reliable measure for the nonclassicality. Moreover, the experimental setup where Q B applies requires at least two or preferably a larger number of on-off detectors. This limits its versatile uses in fully integrated quantum optical circuits. Therefore, novel multiplexing scenarios that require the least experimental resources are highly demanded. In these novel scenarios the constraint on the uniform distribution of the click-counting probabilities can be alleviated, thus requiring the introduction of a new parameter.
In this work we introduce the general parameter Q PB to characterize the click statistics obtained from on-off detectors with a general multiplexing model where unbalance among N modes is allowed [see Fig. 1 ]. It is shown that a measure of Q PB < 0 unambigously indicates that a state of light is nonclassical. Q PB constitutes a more practical nonclassical test scheme in that any unbalances in the detection modes are fully respected, thus enabling the use of arbitrary multiplexing schemes. We also highlight the significance of our new parameter by examining several states of light in an on-chip platform that employs a ring resonator with only a single onoff detector. We expect the new parameter will open a new route to explore nonclassicality of light in nanophotonic platforms with minimal experimental restrictions. 
II. POISSON-BINOMIAL PARAMETER
We introduce the Poisson-binomial parameter Q PB defined as
where the click statistics c k is characterized by
and, contrary to Q B of Eq. (2), an additional statistics p j is considered with
where p j denotes a probability of the "click" event to occur in the j th mode, and σ 2 represents unevenness of p j 's compared to their average value m. In the denominator of Eq. (3), an additional term N 2 σ 2 , absent in Q B of Eq. (2), respects any unbalanced splitting or different detection probabilities among the N modes.
Before introducing basic properties of Q PB , it is worth to discuss how these statistical quantities can be extracted from an experiment. In a general multiplexing detection setup [ Fig.  1(a) ], the final raw data of the experiment are expected to be as shown in Fig. 1(b) . We suppose that the experiment has been repeated M times using a given input state of light.
The click events over N modes are recorded. We then obtain the probabilities c k and p j via c k = f k /M and p j = w j /M, where f k is the number of experiments that led to k clicks, and w j is the number of the click events occurred in the j th mode. Note, regardless of the kind of multiplexing scheme, such data table should always be the final outcome from the experiment. Furthermore, the experimental measure of Q PB is only based on the observed statistics, which requires neither a priori knowledge concerning the system parameters nor loss rates. This substantially reduces the experimental efforts required for analysing systematic uncertainties.
Basic Properties.-The parameter Q PB reveals several important properties as follows.
i) Q PB is zero for light having Poisson-binomial click statistics c k , for which c = N j=1 p j and (∆c) 2 = N j=1 p j (1 − p j ) as properties of the Poisson-binomial distribution -the distribution of the number of successes in a sequence of N independent yes/no experiments with success probabilities p j 's [32] . A coherent state is a typical example.
ii)
2 / n . iii) Q PB is greater than or equal to zero for any classical state of light. Inversely, Q PB < 0 indicates that the initial state is nonclassical, i.e., nonclassicality can be directly observed from the sub-Poisson-binomial behaviour of the click statistics. The proof is given below.
Following the analysis given in Ref. 23 , the probability c k can be generally written as
where P(α) is the Glauber-Sudarshan P representation of an initial stateρ in [33] ,Π k denotes the on-off detector operator that triggers k clicks [18, 23] , andÛ represents the multiplexing transformation that splits a single-mode initial light into N modes. The on-off detector operatorΠ k can be written aŝ [18, 23] , η j = (1 − γ j )ξ j denotes the overall quantum efficiency including the individual channel-loss γ j and detection efficiency ξ j , and ν j represents the dark count probability for the j th mode. This describes a general multiplexing scenario, where u j represents the distribution probability with
where the :·: denotes the normal ordering prescription [23, 33] ,p
. Here, Eq. (4) represents a quantum version of the Poissonbinomial distribution, and becomes that of the binomial distribution when N modes are uniformly distributed, i.e., u j = u, η j = η, and ν j = ν ∀ j.
After some algebra, it can be shown that c = :
, where : (∆Ô) 2 : = :Ô 2 : − :Ô : 2 represents the variance of an operatorÔ, and the relation
: is used. The probability p j , on the other hand, can be obtained by
,
, so we calculate the classical mean and variance of the distribution {p j } as
Then, Eq. (3) can be explicitly written as
Here, the denominator of Eq. (5) is always positive, whereas the numerator can be recast as
: . For classical states for which the P(α) distribution exhibits the properties of a classical probability distribution, the covariance : Cov p As in the binomial parameter Q B [24] , the nonclassical test with the Poisson-binomial parameter Q PB works even when N = 2, providing the simplest nonclassicality test scheme. The number of experiments M, on the other hand, needs to be large enough so that the probabilities c k and p j are more reliable as in usual experiments where statistical quantities are examined.
III. OPTICAL RING RESONATOR SETUP
A typical example for which our new parameter Q PB is suitable is a fiber-loop detector setup [13, 14] where unbalances are naturally introduced due to the asymmetric mode-division and losses. As a similar scheme, but towards on-chip quantum devices at the nanoscale, an optical ring resonator setup is considered in this work to demonstrate the feasibility of the parameter Q PB . Such resonators can be implemented in nanophotonic circuits [34] . As illustrated in Fig. 2 , a waveguide supporting a propagating mode is coupled to a ring resonator via an evanescent field, and a single on-off detector is placed at the end of the waveguide. Herein, the incoming light in the waveguide may enter a ring resonator, and then starts multiple round-trips until it escapes back to the waveguide. This setup leads to the emergence of consecutive output pulses along the waveguide provided that the initial pulse width is much narrower than the round-trip time τ. Each pulse corresponds to a single multiplexed mode. The outgoing pulses have different amplitudes that depend on the coupling strength κ and the losses induced by different travel lengths, thus resulting in different probabilities of reaching the detector. The coupling strength κ determines the fraction of amplitudes for each pulse, i.e.,
with N=∞ j=1 |u j | 2 = 1, whereby an infinite number of modes is produced in principle. For practical relevance, only the first N trc output pulses are to be selectively detected, yet the basic three properties of Q PB still hold with the truncation N trc (see Appendix). Individual quantum efficiency η j is determined by the overall loss rate γ j due to scattering and intrinsic loss, and also by the detection efficiency ξ of a single detector. For simplicity, but without loss of generality for the purpose of this work, we assume that the overall efficiencies are all equal and the dark count rate is negligible, i.e., η j = η ∀ j and ν ≈ 0, so that the unbalance is induced by different amplitudes of the output pulses. This setup serves as a multiplexing scheme when the duration τ of a single round trip in a resonator is longer than the dead time of detector [34] . In this setup, the balance among the output pulses is naturally broken, so only our new parameter Q PB offers an adequate measure for nonclassicality. Now we investigate the behaviour of Q PB for well-known classical and quantum input states in the ring resonator setup. The example classical states include a coherent state |α and
A ring resonator coupled to waveguide setup for the timebin multiplexing detection scheme. Via the coupling strength κ that depends on the geometric distance and mode-matching conditions, the propagating mode couples into the ring resonator and the trapped field escapes to the waveguide. The output pulses are separated in time by τ, the round-trip delay, which depends on the ring size and speed of the propagating mode.
thermal stateρ th , which have the Poisson, and Bose-Einstein statistics for the photon number distribution, respectively, i.e., ρ coh (n) = e −nnn /n! and ρ th (n) =n n / (1 +n) n+1 , wheren is the mean photon number. The example quantum states, on the other hand, include a Fock state |m and odd-coherent state |α − |−α /N 1/2 − whose statistics are given as ρ Fock (n) = δ nm and ρ oc (n) = 4e
2 ). To see a response of the ring resonator setup to the input states, we perform Monte Carlo simulations to mimic the probabilistic multiplexing and detection mechanisms, whereby the conditional probabilities C(k|n) and P( j|n) are obtained for 0 ≤ k ≤ N trc , 1 ≤ j ≤ N trc , and 0 ≤ n ≤ n max . Here, the conditional probability C(k|n) denotes the probability of delivering k clicks over the truncated N trc modes for an incident n-photon, whereas P( j|n) is the probability of the click to be triggered in the j th mode. Incorporating the latters with the input photon-number distribution ρ in (n), we obtain the click statistics via
Here n max = 30 is chosen such that the higher-photon-number contribution of an initial state, addressed by ρ in (n > n max ), is negligible with respect to the mean photon number of the example states.
In Fig. 3 , we present the behaviours of Q PB with the mean photon numbern of the input states from the observed click statistics based on M = 10 6 Monte Carlo simulations, where κ = 0.6, η = 1, and N trc = 10 are chosen. The Q PB measures for the coherent state the boundary of the nonclassical test in the considered setup. Here, a small deviation from zero, Q PB ≈ 0, arises due to the finite number M of measurements performed, so it will become zero when M → ∞. It is clearly shown that the thermal state exhibits super-Poissonbinomial click statistics, whereas the quantum states manifest in sub-Poisson-binomial click statistics, regardless of the mean photon number. Thus, the Poisson-binomial parameter Q PB constitutes a more reliable nonclassicality test using the click statistics in the considered on-chip multiplexing detection setup, as compared to the binomial parameter Q B which shows negative values even for the coherent state input due to the unbalance involved (see the dashed line in Fig. 3 ). Looking more closely, one can see that the thermal state has a monotonic trend in Q PB with the mean photon number n, and also the Q PB for the odd-coherent state approaches the coherent state case. The same behaviours are also observed in both Q M and Q B , implying that the observed statistics strongly reflects the characteristics of the initial photon number distribution withn. The Fock state case on the other hand increases with the photon number, but this arises due to the finite number of N trc and n max used in Monte Carlo simulations. Namely it will be closer to −1 as both N trc and n max increase further, where Q PB → Q M .
coherent state o d d -c o h e r e n t s t a t e th e rm a l s ta te
In Fig. 4 , we investigate the effect of the overall efficiency η and the number N trc of output pulses to be measured for the example quantum input states. It is interesting to see that both states exhibit sub-Poisson-binomial click statistics regardless of η and N trc when the mean photon number equals one [see There is a remarkable observation worth stressing; even when the overall efficiency η is significantly smaller than unity, the sub-Poisson-binomial statistics still survives at the cost of measuring more output pulses. Therefore, the measure of Q PB is practical in that it can be used even when significant losses are inevitably involved.
In addition, one may be interested in applying the nonclassicality test via Q PB to other quantum states such as a single-photon-added thermal state (SPATS) whose photon number distribution is given as ρ SPATS (n) = Tr[nρ SPATS ] = n nth(nth+1) nth nth+1 n , wheren th denotes the mean thermal photon number, while the total mean photon number is given asn = 1 + 2n th [35] . For the latter, there has been an interesting observation that at a certain range ofn th , the binomial parameter Q B captures the nonclassicality of SPATSs that the Q M cannot identify even with the photon-numberresolving capability [24] . Somewhat surprisingly, we also find that our new parameter extends the range where one can identify the nonclassical feature of light. Such behaviours depend on various parameters such as N trc and η as shown in Fig. 5 , where we present Q PB obtained from Monte Carlo simulations for the ring-resonator setup as compared with Q M and Q B whose closed expressions are respectively given as Q M = η(n 
IV. REMARKS
In this work, we have introduced the general parameter Q PB to measure the nonclassicality of an input state of light in a general multiplexing detection scheme. This scheme considerably reduces experimental restrictions as compared to the Mandel Q M and binomial Q B parameters. It is worth mentioning that our method does not require the reconstruction of the true photon number statistics that is directly based on a priori knowledge of system parameters and loss rates. Furthermore, the optimization of the multiplexing scheme can be also relaxed, so that our new parameter would pave the wave for more practical quantum measurement for various quantum information applications such as quantum cryptography and quantum metrology. Further understanding of the click statistics provided in this work will stimulate a variety of future studies on the measurement of quantum correlations, quadrature phases, or multimode properties, associated with other interesting quantum states as well as imperfections (e.g., the dark count and the sampling error) not explicitly considered in this work. Developing the parameter to quantify the nonlcassicality of light and also to distinguish quantum states showing the super-Poisson-binomial click statistics (e.g., a squeezed vacuum state) is also an interesting future work.
